Abstract-In this paper we consider the problem of the optimal quantum unambiguous detection between two mixed quantum states. More specifically, we consider two mixed quantum states of rank 2 which lie in a Hilbert space of dimension 4. Using duality theory we explicitly characterize the optimal measurement operators. Furthermore, as a by-product of our framework we obtain a closed form solution of unambiguous discrimination between a pure and a mixed quantum state.
I. INTRODUCTION
Quantum unambiguous detection is a somewhat recent approach in distinguishing among a collection of quantum states. It was initially introduced in [1] and further considered in [2] , [3] . The main idea was to allow for an inconclusive result of the measurement procedure. In return, if the measurement produces an answer then that answer is correct with probability 1. An interesting variation of this approach is maximization of the probability of correct detection ( [9] , [10] ). This approach attracted significant attention in the last several years (for a recent survey on the topic see e.g. [5] ).
Bounds on the efficiency (the maximum probability of correct detection) of unambiguous discrimination and conditions for achieving them in different scenarios were studied in [15] , [7] , [16] , [14] , [12] . Applications of semi-definite programming in finding the optimal measurement operators were considered in [8] , [18] , [17] . In this paper, we restrict ourselves to a specific case of unambiguous discrimination of two mixed quantum states. A special case of this problem, when one of the states is pure and the other one is mixed, was solved analytically in [4] . Additionally, in [7] a bound on maximal probability of correct detection in the case of unambiguous discrimination of two general mixed states was derived. Furthermore it was shown that the bound is tight in the case when one of the states is pure, thus matching the result of [4] analytically solving the unambiguous discrimination of two mixed states still remains a very difficult task. It is interesting to note that in [11] , the authors showed that the problem of unambiguous discrimination of any two mixed states can always be reduced to the problem of distinguishing two states of rank d that lie in a 2d-dimensional Hilbert space. It should also be noted that in [6] , the authors emphasized the incredible difficulty of solving that problem for an arbitrary d, while still believing that the case when d = 2 may be within the reach. In this paper we solve the problem when d = 2.
II. PROBLEM FORMULATION
Assume that we have two quantum states P1 and P2.
Further, assume that their rank is 2 and that they lie in a 4-dimensinal Hilbert space. The quantum unambiguous detection technique assumes the existence of three measurement operators {IHi,O < i < 2} that satisfy Hli = Hl* >O, O< i < 2; ?2 Iij = I.
(1)
As usual Tr(pjIHi), i > 0 represents the probability that if the system is prepared in state pj the detected state is pi.
Since unambiguous discrimination doesn't allow for incorrect detection it must hold 1 < i,j < 2, i f j.
From (2) 
In order to solve (3) we will first solve the dual problem and then find the solution of the primal based on the conclusions about the optimality conditions given in [18] .
III. THE DUAL PROBLEM
It is easy to see that the problem in (4) (9) in (8) we get F * D2 + m2mK + E*S = VD1 + m1mTnL (10) From now on, in order to avoid tedious discussion of degenerative low rank cases we will assume that E is invertible. Then from (10) we easily have
-E*F* V/D2 + m2m2K (11) Using the expression for S form (11) 
where g(ml,m2) = Tr(E-*(Di + mlm*) 1) -WW* + Tr(E-*F*(D2 + m2m2)FE-1) + Tr(D2 + m2m2)
Let inl, m2 be the optimal solutions of (14) and let A1, A2
be the optimal solutions of (3). In the following section we show how from inl, m2 and the optimality conditions derived in [18] A1 and A2 can be found.
IV. OPTIMALITY CONDITIONS
Let Z be the optimal solution of (5). Then the optimality conditions from [18] (24) we obtain Edi2eJ,i d22 i12 > 0, and d12 > 0. After some algebraic transformations (27) can be written as mil(l-a2) + m22a2 a2di, (1 
a4cos/(0+7y) ( 
28)
The optimal e can be given as cos = ci/ +, cl ( a2 (2 _ o2) ). 
To find a solution to (30) we differentiate (31). Theorem 1: Let A1 and A2 be the solutions of (3). Then they correspond to those A1 and A2 from the previous lemmas which maximize (3) .
Proof: First we note that the ranks of A1 and A2 can be at most 2. It is also easy to see that the cases when sum of their ranks is less than 2 can never happen. Hence there are only 6 cases left and they are all covered by previous lemmas. Which of these 6 cases is solution is determined according to the value of the objective in (3) that they produce. The one which produces the largest value of objective in (3) In this section we briefly look at the unambiguous discrimination between a pure and a mixed state. This problem was also considered earlier in [4] . Here we provide solution based on the framework developed earlier in the paper. The problem formulation is again as in (3), i.e. However, the dimensions of the matrices 0), 62, A1, A2 are now different. Namely, 62 is an (I + 1) x 1 unit norm vector, 01 is a (I + 1) x I matrix such that WE), = I, A1 is I x I hermitian positive semi-definite matrix, A2 is a positive scalar.
As earlier Di = Wpipi6i,I = 1, 2, and F = 6*60.(Note that now D2 is a scalar and F is a row vector.) Mimicking the procedure given earlier in the paper the following theorem can be proved. U It is not difficult to check that the solution given in Theorem 2 matches the one obtained in [4] in the context of quantum filtering.
VIII. CONCLUSION We considered the problem of distinguishing unambiguously between two general mixed quantum states of rank 2. We provided an explicit analytical characterization of the optimal measurement operators. Additionally, using the developed framework we derived an analytical solution for the unambiguous discrimination of a pure and a mixed quantum state.
